We have designed and fabricated a Kerr frequency comb oscillator with 27.5 GHz repetition rate by pumping a whispering gallery mode crystalline resonator with a laser at 1560 nm center wavelength. The oscillator is stabilized to the Rb 87 D 2 line using frequency doubling with a periodically poled lithium niobate (PPLN) waveguide. Allan deviation of the repetition rate of the frequency comb was measured to be on the order of 10 −11 at 1 s to 1000 s integration time. The long-term stability limitation is attributed to the frequency drift of the phase matching window of the PPLN structure as well as to mode interaction and associated drift of the resonator spectrum.
Introduction
The complete stabilization of spectral harmonics of a mode locked laser via locking the pulse repetition rate either to a radio frequency (RF) or an optical clock signal, while simultaneously self-referencing the comb harmonics via f-2f method, has resulted in a revolution in metrology by linking the RF and optical regions of the electromagnetic spectrum [1] - [4] . There is growing interest in stabilization of newly discovered Kerr frequency comb oscillators [5] , [6] in a similar manner to the one developed for stabilization of mode locked lasers [7] . While very promising results of such a stabilization technique have been reported, the method is hindered by the requirement of generating a high power, octave or nearly-octave spanning Kerr frequency comb with relatively large repetition rate 1 . In this study we explore stabilizing a Kerr frequency comb having a much narrower frequency spectrum than an octave, without using the f−2f or 2f−3f self-referencing scheme.
Stabilization of the Kerr comb oscillators operating within the telecommunication frequency band is of particular interest. Kerr oscillators with optical spectra covering a few tens of nanometers can be used for ultrabroadband communications [8] , generation of spectrally pure RF signals [6] , [9] and for optical synthesis [10] , [11] . The frequency of these free running oscillators changes in 1 Demonstrated broadband Kerr frequency combs spanning a significant fraction of an octave usually have repetition rates reaching a THz. Our goal is to generate and stabilize a frequency comb with a few GHz repetition rate. Interestingly, geneation of a coherent broadband frequency comb with several GHz repetition rate is also problematic for the standard mode locked lasers based approaches. time because of various technical reasons and suppression of the drifts is an important practical task. Several examples of stabilization as well as self-referencing of Kerr frequency combs exist [7] , [12] - [16] but none of them provides a direct clear path for an on-chip stabilized Kerr frequency comb oscillator because of the required high power consumption.
Frequency stabilization of Kerr oscillators on a chip can be achieved by means of miniature atomic reference cells [17] , [18] and use of on-chip frequency doubling waveguide devices [19] , [20] . For instance, a frequency comb centered at 1560 nm wavelength was locked simultaneously to both D 1 and D 2 lines of Rubidium using optical frequency doublers and its 33 GHz microwave signal demonstrated Allan deviation on the order of 10 −9 [15] . In this work we report on the improvement of this result by nearly two orders of magnitude, by locking a 1560 nm Kerr frequency comb to a single saturated absorption resonance of Rb 87 D 2 line. The technique described here draws from the idea of stabilizing a Kerr frequency comb generated at a wavelength corresponding to an atomic or molecular clock transition [21] . For instance, a laser producing a frequency comb at 795 nm was locked to D 1 line of Rb 87 and a mode of the resonator pumped with the laser was locked to the laser frequency. Stabilization of the Kerr comb repetition rate corresponding to stability better than 10 −12 for averaging time of one hour was achieved in this way [22] . While the stabilized frequency comb was suitable for generation of stable and high spectral purity RF signals, the wavelength of its harmonics was not in a useful range for telecommunication applications. In addition, the frequency comb covered a relatively narrow spectral band because of the normal group velocity dispersion (GVD) of the fundamental mode family of the resonator; so another mode family with a limited number of high quality (Q) factor modes but more suitable anomalous GVD was utilized [23] .
In this work we report on the realization of a technique somewhat similar to both [15] and [22] , in which the laser emitting at 1560 nm and producing a Kerr frequency comb in a whispering gallery mode (WGM) resonator is locked to the D 2 line of Rb 87 [19] , [20] . The resonator is stabilized by locking the frequency of the pumped mode to the laser. Magnesium fluoride (MgF 2 ) crystal was utilized as the WGM resonator host material. The resonator has an optimal anomalous GVD [24] to sustain the low noise as well as high dynamic range for frequency comb generation. We demonstrate a significantly better result than the previous study [15] since the laser used in the experiment had sub-kHz linewidth and allowed for pure frequency modulation made possible by self-injection locking technique previously utilized [25] .
The major difference between the experiment reported here and the experiment discussed in [22] is the frequency doubler used to convert the 1560 nm light to 780 nm light to enable the stabilization. The technique described here allows both referencing the frequency of the optical pump to the saturated absorption resonance of Rb, and stabilizing the repetition rate of the frequency comb. Since the repetition rate of the Kerr comb can be accurately measured using an external clock and the frequency of the pump light is known, the stabilized frequency comb has the potential to become an optical frequency reference where frequency of each optical harmonic is given by the known frequency of the pump light and the known repetition rate. In other word, the frequency comb can become an alternative to a self-referenced stabilized frequency comb.
The frequency doubler used in our experiment was characterized with a relatively narrow phase matching spectral window. Surprisingly, we found that this becomes the limiting factor in achieving high stability with the frequency lock operation, as the frequency doubler pulls the frequency of the laser away from the clock transition frequency. Another important limiting factor is related to the drift associated with the dense optical spectrum of the resonator impacted by stress release as well as environmental fluctuations; however, this effect is smaller than the effect of the doubler drift in limiting the stability of the comb. The stability of the optical atomic transitions [25] , [26] as well as the quality of the locking circuitry do not limit the performance of the system.
The paper is organized as follows. In Section 2 we describe the experiment and the major results. The details of the stabilization technique as well as the factors limiting the stability of the Kerr comb oscillator are discussed in Section 3. The issue related to the drift of the frequency doubler is disclosed in this section as well. Section 4 concludes the paper. 
Experiment
The scheme for the stabilization of the Kerr oscillator described here is based on the fact that the repetition rate of a Kerr frequency comb generated in an ideal WGM resonator is completely decoupled from the pump laser generating this frequency comb [21] ; it depends only on the free spectral range (FSR) of the resonator. This means that stabilization of the resonator FSR should stabilize the frequency comb repetition rate and, hence, the microwave signal generated at the output of the fast photodiode by the beat of the comb harmonics. In an ideal resonator the stability of the FSR and each individual optical mode are interrelated. By stabilizing an optical mode with locking it to a reference the entire resonator is stabilized, as is the FSR, and the microwave signal generated by the frequency comb. Such a stabilization technique was validated for a Kerr frequency comb oscillator operating at 795 nm [22] . The scheme described below allows stabilization of a C-band Kerr frequency comb in a similar way.
Experimental Setup
The schematic diagram of the setup and a picture of the frequency comb generator are shown in Fig. 1 . The setup includes two distributed feedback (DFB) semiconductor lasers. One of the lasers (Laser #1) is self-injection locked to an auxiliary WGM microresonator that can be tuned and modulated using an integrated piezo-actuator [25] (not shown in the figure). The frequency of the laser is both modulated (50 kHz modulation frequency and 3 MHz modulation span) and actuated using this resonator. The output of the laser (80 mW) is divided into two paths and 50% of the light is sent to a 5 cm long periodically poled lithium niobate waveguide frequency doubler (PPLN). The measured efficiency of the doubler is approximately 0.1 W/1 W. The output of the doubler is used to interrogate atoms held in a vacuum Rb 87 vapor cell. The 40 mW of 1560 nm pump light produces 0.1 mW of the frequency doubled light in the cell (taking into account the insertion loss). This is high enough power for our experiment. The laser is locked to the Rb transition via the Pound-Drever-Hall (PDH) lock #1. The frequency of the free running oscillator is impacted by the air conditioner cycle in the lab. The corresponding peak in the Allan deviation is removed by locking the resonator to the Rubidium transition. The data show that locking one of the resonator modes to a frequency reference stabilized the comb oscillator generated by pumping another modes of the resonator.
The output of Laser #1 stabilized to D 2 line of Rb 87 is used to stabilize the frequency of a mode of the resonator that produces the Kerr frequency comb. Since the laser frequency is already modulated we use a photodiode (PD#2) to produce an error signal and use it to lock a selected resonator mode to the stabilized laser (PDH #2). The resonator is coupled with a piezo-actuator (PZT) for faster frequency control. It is also mounted on a thermoelectric cooler (TEC) for temperature stabilization and actuation. Both thermal and PZT actuation is utilized for this purpose. The PZT actuator has a limited holding range (70 MHz) and the feedback loop bandwidth of a kHz and is implemented with an analog PID. The thermal lock has a much higher holding range but small bandwidth (0.5 Hz). This loop is implemented with a digital PID.
The power of light used to interrogate the resonator with the stabilized laser is minimized to ensure nonlinear effects are avoided. We used 2% Fresnel reflection of a glass window for this purpose. The power was approximately 0.8 mW. Given a WGM contrast of approximately 30% the actual power interrogating the resonator was 0.2 mW.
The stabilized resonator is pumped with 20 mW of optical power using a self-injection locked DFB laser chip (Laser #2). The laser power is stabilized via a power lock. A Kerr frequency comb is generated by the pump laser, and its output is fed to a fast photodiode. The stability of the microwave signal generated by the frequency comb at the output of the fast photodiode is measured using a Keysight 53152A microwave frequency counter locked to a microwave Rb clock. The frequency of Laser #2 can be compared and locked to Laser #1.
Stabilization Result
We measured Allan deviation of the Kerr frequency comb repetition rate and characterized the quality of the self-injection locking of the DFB diode laser to the resonator mode. The frequency of the 27.5 GHz microwave signal deviates from the averaged value by a few Hz. The corresponding Allan deviation is on the order of 10 −11 at 1-1000 s integration time (Fig. 2 ). This is a significant improvement of the stability of the repetition rate of a Kerr frequency comb generated at 1560 nm and stabilized to Rb optical transition, if compared with earlier results [15] .
The significant difference between this and the previous result is related to the single point stabilization of the Kerr frequency comb. Our technique operates for a Kerr frequency comb with an arbitrary repetition rate which makes the method attractive for many practical applications. On the other hand, the stable comb frequency is not accurately defined. To define it accurately one has to use a different scheme such as a two point frequency lock [15] . We studied the microwave signal generated by the stabilized comb on a fast photodiode and observed a highly spectrally pure microwave line, as shown in Fig. 3(a) . The modulation sidebands visible in the spectrum result from leakage of 60 Hz from the power line. The phase noise of the tone was also measured (Fig. 3(b) ) and the observed microwave signal confirms that the frequency comb is suitable for generation of spectrally pure stable microwave signals.
Analysis of the Locking Quality
In our experiment we lock a master laser to a Rb transition and use this laser to stabilize the Kerr frequency comb. The stabilization is achieved by locking a mode of the WGM resonator and the optical pump producing the comb to the master laser. The whole resonator becomes less sensitive to the environmental conditions and the free spectral range (FSR) of the resonator becomes more stable. The repetition rate of the frequency comb as well as each comb harmonic becomes stable since both the pump light and the FSR are stabilized. The frequency of the microwave signal produced by the frequency comb on a fast photodiode becomes more stable compared with the Kerr comb generated in a stand alone resonator.
The stability of the microwave signal is comparable with the stability achieved by other groups with locking a 1560 nm laser to D 2 line of Rb [19] , [20] . Assuming that in our experiment the achieved stability of the optical pump (which was not measured) is of the same order (∼ 10 −11 ), we conclude that the result of the experiment reported here makes sense, since the Allan deviation of the microwave frequency measured at large averaging intervals cannot be less than the Allan deviation of the optical signal used for stabilization of the resonator. Ultimately, the relative stability of the clock laser and the microwave signal is the same.
It is important to identfy factors that limit the stability. We have shown previously [25] that stability of a 795 nm laser directly locked to the D 1 line of Rb can be two orders of magnitude better than the current result (approaches ∼ 10 −13 ). Direct locking of 780 nm laser to D 2 line of Rb also leads to a much better stability limit [27] . Apparently, there exist technical limitations of the current setup involving frequency doubling that affects the observed stability of the system.
We found that the long term stability of the comb oscillator is reduced due to the observed degradation of the PPLN frequency conversion efficiency, as well as the frequency shift of the phase matching characteristic of the waveguide. Insufficient magnetic shielding of the atomic cell, which was mounted on a base with residual magnetism, is another possible cause of long term frequency drift beyond a day. The oscillator also changed regimes frequently and the best stability was achieved for a few hours of run time. There are multiple Kerr comb regimes corresponding to the same power of the optical pump, optical pump frequency, and the resonator temperature. After some time the oscillator abruptly jumps to another frequency comb regime, having a comparable , between two semiconductor DFB lasers locked to two adjacent modes belonging to the same family of the WGM resonator. The comb laser (#2) is selfinjection locked and power locked to the WGM resonator. The reference laser (#1) is PDH locked to a mode one free spectral range away. The measurement of the relative stability of the lasers locked to two resonator modes using PDH and self injection technique shows that self-injection locking allows keeping the frequency of the pump laser within a few kHz from the center of the corresponding optical mode. The measurement hints at the limitation of the clock stability due to imperfect locking to the WGM resonances. The frequency shift of the 27.5 GHz signal (b) is not correlated with the ambient temperature change due to interaction among the resonator modes discussed later.
stability, but a different spectrum characterized with a slightly different repetition rate. Such an instability results from the dense mode spectrum that also leads to the reduction of correlation between the frequency of a particular optical mode used to stabilize the resonator, and the free spectral range defining the microwave frequency of the oscillator. We describe the technical details in what follows.
Locking to the Resonator Modes
To determine the quality of the Pound-Drever-Hall locking scheme as well as the self-injection locking to the corresponding WGMRs, we locked lasers #1 and #2 to two adjacent modes belonging to the same mode family, and measured the relative frequency stability of the lasers over a long time. The Allan deviation of the beat note signal, Fig. 4(a) , normalized to the optical frequency shows that the locking quality is much better than the achieved microwave stability. This measurement shows that either one of the locks is the same or better than the curve shown in Fig. 4(b) . Therefore, locking of the two lasers to the modes does not destabilize the system at the observed limit.
We found that the long term frequency drift is not necessarily related to the ambient temperature variations. An example of the variations of the beat-note produced by the two lasers is shown in Fig. 4(b) . While the relative laser frequency was drifting within a kHz (1°C of the resonator temperature change roughly corresponds to 300 kHz microwave frequency shift), and the resonator was stabilized at ∼ 3 mK level, as confirmed by the high stability of the free running comb oscillator Fig. 2(a) , we recorded several events of spontaneous shift of the laser beat note that cannot be explained by temperature variations. We attribute these events to the dynamic change of the resonator spectrum due to time dependent mode crossings associated with stress release of the resonator mounted on a base. Generation of the Kerr frequency comb is much more strongly affected by the events of this kind, and we expect that dynamic mode crossing is the major source of the switching between frequency comb operation regimes. In what follows we describe an experiment clearly demonstrating the importance of this phenomenon.
Locking to the Rubidium Transition
We utilized the cross over transition 5S 1/2 F = 2 → 5P 3/2 F' = 2 and 3 ( Fig. 5) to stabilize laser #1, as shown in Fig. 1(a) . The bandwidth of the resonance was about 12 MHz. The 1560 nm laser was frequency modulated with 50 kHz modulation frequency and 3 MHz modulation span (the span of the doubled frequency light was 6 MHz). The relative amplitude modulation did not exceed −60 dB [25] . The power of 780 nm light entering the cell was about 100 μW. The power reaching the photodiode when the laser was tuned to the saturation resonance was 25 μW. The background of the resonance was approximately 16 μW.
To estimate the quality of the lock we present the spectral transfer function of the transmission resonance as
where ω is the carrier frequency of the light, ω 0 is the frequency of the atomic transition, γ is the half width at the half maximum of the transition resonance, complex parameters a and b describe the contrast of the resonance (|a + b| 2 = 1, contrast of the resonance is C = 1 − |a| 2 ). Relative phase of a and b is important since it is responsible for modification of the resonance shape. For instance, the resonance can change its shape from a bell-like curve to a dispersive-like curve. We assume that a and b are real since in our experiment the resonances have Lorentzian shape and the real parameters are suitable to describe these resonances.
We use the following expression for the input field amplitude
where m is the frequency span and ω m m is the modulation frequency. The error signal is given in this case by the derivative of the absorption profile of the line [28] 
where R and ρ are the responsivity and the resistance of the photodiode, respectively; P 0 is the maximum optical power in the resonance. It is assumed that the frequency deviation is less than the bandwidth of the atomic resonance, γ > m (the signal decreases when m exceeds γ [28] ). The power of the noise is given by shot noise
where F is the bandwidth of the detection and RI N is the relative intensity noise. The accuracy of the locking is then
The accuracy of the locking is |ω 0 − ω|/γ = 2.5 × 10 −6 for γ/(2π) = m /(2π) = 6 MHz, |a| 2 = 0.64, F = 1 Hz, RI N = 10 −11 Hz −1 , and P 0 = 25 μW. This number is small compared with the observed stability which means that the locking accuracy is not an issue in the experiment.
Instability Due to Narrow Phase Matching Spectral Window
It was recognized that the stability of the laser that involves locking to the atomic resonance utilizing a PPLN waveguide is limited due to the formation of a parasitic etalon caused by reflections from the input and output faces of the waveguide [19] , [20] . The etalon effect is undesirable since it changes the phase and amplitude of the frequency doubled light. This effect can be reduced by cutting the waveguide surfaces at a small angles as well as by coating its surfaces. However, even without the etalon effect, the waveguide is characterized by finite group velocity dispersion that shifts the locking point of the reference laser from the corresponding atomic transition in a similar way as a parasitic linear resonance (or a fringe) does.
The normalized transfer function of a PPLN waveguide can be estimated as
where (ω 0 − ω)/γ PPL N represents the phase mismatch kL/2 [29] in the frequency domain, k = k 2ω − 2k ω − K PPL N is the uncompensated part of the wave vector. The most important parameter here is the phase shift associated with the finite bandwidth of the phase matching curve. It does not depend on the boundary conditions or on the linear characteristics of the frequency doubler. When the modulated light passes through the nonlinear waveguide and the atomic cell it acquires phase
where the shifted reference frequency becomes in the case of γ PPL N γ
The center of the phase matching range strongly depends on temperature ω PPL N /ω PPL N ≥ 10 −4 K −1 T . The phase matching bandwidth in the case of our experiment is γ PPL N /π 1.5 × 10 11 Hz. The clock resonance bandwidth is γ/π = 1.2 × 10 7 Hz. It means that the relative frequency shift due to temperature change of the frequency doubling element is ω 0 / 0 > 8 × 10 −9 K −1 T . Assuming that the PPLN temperature is stabilized to T = 10 mK, we get ω 0 / 0 ≈ 8 × 10 −11 . This is the maximum stability that we can expect to achieve in the system and it is the number we obtained in the experiment. Therefore, the narrow phase matching spectral window as well as the high temperature sensitivity of the PPLN crystal limit the stability of the frequency comb achieved in our experiment. The presence of a parasitic reflection in the optical train introduces similar effect. However, parasitic reflections can be avoided, while the phase shift cannot, because of the limited phase matching window. This is a very important result as it is valid for any kind of a frequency doubler. It is desirable to increase the phase matching bandwidth γ PPL N to reduce the effect. However, such an increase results in decreasing of the efficiency of the nonlinear process.
It is worth mentioning that we observed the long term drift of the PPLN waveguide phase matching response, which was shifting in frequency and degrading. We attempted to compensate for the frequency shift by adjusting the temperature of the waveguide. The efficiency of the nonlinear frequency conversion led to reduction of the error signal amplitude. The photorefractive damage of the waveguide is one of the reasons for the efficiency degradation.
Instability Due to Dense Resonator Spectrum
The WGM resonator utilized for the frequency comb generation contained a multitude of mode families. These families do not interact in an ideal structure. However, the orthogonality is lifted in a realistic system resulting in a linear coupling among the modes. This coupling is detrimental for the temperature stabilization of the resonator FSR by means of stabilization of a single optical mode. In a resonator having a single mode family the relative temperature change of the FSR and the optical frequency is the same (if we neglect the temperature dependence of the nonlinear refractive index as well as the temperature dependence of the chromatic dispersion of the resonator host material):
where α is the relative thermal sensitivity of the resonator, and T is the temperature change. Therefore, stabilizing the frequency of the optical mode by locking it to a reference laser also stabilizes the FSR.
But this is no longer true in the case of a multimode resonator. The different mode families have slightly different temperature sensitivity and the linear interaction of the modes can shift the value of a local FSR by the same amount as the optical frequency is shifted: ω F SR ≈ ω. It means that the relative stability of the FSR degrades tremendously if compared with the optical stability.
We measured the FSR with the laser #2 injection locked and power locked, and with the reference laser #1 phase (Pound-Drever-Hall) locked to the same modal family at an FSR apart. We observed an indirect evidence of mode interaction manifesting itself through the frequency drift of the laser beat note Fig. 4(b) . The jumps in the frequency result from moving the higher order WGMs through the modes of the fundamental family we utilized.
The mode motion results from both temperature fluctuations and stress release. The oscillator is a heterogeneously monolithically integrated structure. It is always stressed because of dissimilar thermal expansion coefficients of the optical components. The resonator also was laminated with a pre-stressed PZT actuator. We put a slow ramp on the PZT voltage on the resonator while it was locked to the Rb transition through the thermal feedback and clearly saw that the beat frequency of lasers does not follow the PZT voltage linearly Fig. 6(a) . The beat frequency between the lasers can first increase and then decrease while the PZT voltage keeps increasing. This effect can be explained by mode interaction induced by the PZT stressing the resonator material.
Therefore, even if we stabilize a mode perfectly in the overmoded resonator, the free spectral range and the associated Kerr frequency comb repetition rate may change. One of the major cures for this effect is making a single mode family (in each polarization) resonator [30] that is intrinsically free from mode interaction of this kind.
Instability Due to an Insufficient Environmental Isolation of the Clock Transition
While the stability of the Kerr frequency comb oscillator was limited due to the PPLN frequency doubler drift, it is worth estimating the limitations of stability of the system resulting from the impact of the environment on the reference transition of Rubidium. In this section we discuss some of the known reasons for the instability of the saturated absorption resonance utilized in the experiment and confirm that the reference transition has much better stability than the stability of the oscillator.
We locked laser #1 to cross over transitions 5S 1/2 F = 2 → 5P 3/2 F' = 2 and 3. The environmental sensitivity of the cross-over transition is summarized in [27] . The magnetic field sensitivity seems to be an important reason for the technical limitations of the frequency stability. The cell was mounted on a base with some residual magnetism. Each small optical isolator utilized in the assembly has a permanent magnet producing tens of Gauss of inhomogeneous field within a few centimeters from its surface. The frequency shift of the resonance is 200 kHz/G. It is reasonable to expect that the magnetic field of the platform drifts by 20-30 mG, resulting in a few kHz frequency shift of the optical resonance. Still, this frequency shift is not large enough to explain the observed frequency drift of the Kerr comb oscillator.
The optical frequency shift due to temperature change of the cell is 4 kHz/°K [27] . The cell was stabilized to better than 100 mK and, hence, the associated temperature change of the optical reference transition was less than 400 Hz. This number corresponds to 0.05 Hz variation of the repetition rate of the Kerr frequency comb, which is two orders of magnitude smaller than the temperature variation observed experimentally. In fact the periodic changes of frequency easily identifiable in Fig. 2 are associated with temperature change in the laboratory due to the air conditioner cycle. The variation magnitude is approximately 5 Hz. We expect that the observed frequency variation results from the thermal response of the PPLN crystal and not the atomic transition.
The atomic transition has a power shift of +170 Hz/μW for the beam diameter of 3.5 mm and 35 μW pump power [26] . We used a similar beam size and 100 μW of power. The power stability was better than a μW in an hour. Therefore, the observed long term drift of the frequency comb repetition rate was not related to the optical power fluctuations.
The other technical factors had even smaller impact. Therefore, the reference cell did not cause the observed frequency drift of the microwave signal generated by the Kerr frequency comb.
Conclusion
We have demonstrated the feasibility of stabilization of a Kerr frequency comb generated at telecom wavelength, by locking the frequency of one of the modes of a monolithic WGM resonator to a Rb optical transition. The stabilization quality was limited because of the degradation of the PPLN frequency doubling waveguide quality, and evolving residual stress release and dense optical spectrum of the resonator. The results, nevertheless, indicate that improved stability by two orders of magnitude is readily achievable with an optimized Kerr comb oscillator configuration.
